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Abstract

A finite spotweld element based on the hybrid Trefftz method is presented. The treatment is elasto-plastic, 
whereas the linear elastic part as well as the rigid/perfectly-plastic part is based on a special hybrid Trefftz 
element representing the entire spotweld, the cylindrical nugget, heat affected zone and an annulus made of 
base material. These two distinct models, the linear elastic and the rigid/perfectly plastic one, are combined 
by a rheological approach. The linking to the residual finite element mesh, consisting of bilinear standard 
shells, is accomplished via a displacement frame, an arbitrary polygon. By definition the Trefftz-type solution 
satisfies a priori all governing differential equations within the element area and fulfils inner boundary 
conditions. The modeling of plastic deformation accounts for geometrically nonlinear behavior (stress 
stiffening) within the metal sheet annulus and permits the forming of plastic hinges along the circumference 
of the comparatively rigid nugget. Isotropic hardening is considered by a piecewise perfectly-plastic 
cascaded flow curve, leading to a high resolution of the stress/strain field in the vicinity of the spotweld 
nugget, and enables the introduction of more accurate stress/strain-based failure criteria. The developed 
model is mapped on an auxiliary “beam spider”, whose elasto-plastic parameters are adapted so that it 
yields nearly the same mechanical resultant behavior including failure. We assess the numerical stability 
within the framework of explicit time integration.
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• A car body contains typically over 5000 spotwelds .
• The load bearing capacity of spotwelds in car bodies has a considerable impact on the 

deformation behavior under crash loads, especially on the ability of energy dissipation.
• Therefore it is necessary to predict spotweld failure in the crash simulation, but there is 

one thing, which makes it difficult.
• Theoretically founded stress-/strain based failure criteria are only reasonable for a 

sufficiently high resolution of the local stress-/s train field of the spotweld.
• But unfortunately the smallest dimension of finite elements in the simulation model, 

limited by the conventional critical time step (explicit time integration), is far from this 
demand .

• The presented approach shows a way, how the local requirements (resolution) can be 
achieved without loss of computational performance, by the development of a finite 
spotweld element based on the hybrid Trefftz method .

Problem

Solution Approach
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Finite Spotweld-Element – Hybrid Trefftz Approach (HT )

Inner circular boundary: 
Comparatively rigid spotweld 
nugget.

Inter-element boundary: arbitrary 
polygon; auxiliary displacement 
frame enforces conformity to 
adjacent standard shells.
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Coupling of 
inner circles 
(rigid nugget)

Metal 
sheet 1

Metal 
sheet 2
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• Internal displacement field (Trefftz solutions) fulfils governing PDEs, and inner 
boundary conditions exactly,

• auxiliary displacement frame enforces inter-element continuity.

Displacement frame method :

Additional “artificial” term in the expr. of potential

2 independent displacement fields along inter-element boundary 
(polygon).

1st variation of potential = 0

Conformity of inner (Trefftz) and outer (bi-linear standard 
shells) displacement fields is accomplished.

[ ]�
G

G×-×+ tduuT
���

�

… outer boundary
(polygon)

… plate thickness

… Traction along
polygon

… inner displacement
(Trefftz solution)

… outer displacement
(bi-linear shells)
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Linear Elastic

elK plK

Elasto - Perfectly-Plastic:

( ) 111 --- += plel KKK

Rigid/Perfectly-
Plastic

„Series connection“ of 2 independently developed 
material models: Lin. Elast. & Rigid/Perfectly-Plas tic



	

• Biharmonic equations: • Membrane: Airy’s stress function U:

• Bending: Normal displacement w:

• Analytic solution (Kolosov-Muskhelishvili):

PDEs of membrane- and bending-type deformation decouple completely .

Complex 
potentials

04 =Ñ U
04 =Ñ w
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Reference model

Trefftz-model

ssss xx ssss yy tttt xy
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Kinematis of large deflection:

Geometrical non-linearitiy (stress stiffening):

Deformation gradient:
X
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Polar decomposition: RUF = R…orthonormal rotation tensor

U…pos. def. symm. tensor

Deformation omitting 
rigid body motion: CFFU T == C…right deformation tensor (Green)

Taylor series of U:
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E…Green Lagrange strain tensor

x
�

…position vector of initial, un-
deformed state of a body

…position vector of current, 
deformed state of a body

X
�
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Heat affected zone (HAZ):
Bending is dominant: 
Plastic hinge

2

Green-Lagrange srain tensor of Kirchhoff plates 
for the normal displacement w:

Membrane Bending (tensor of mid-plane curvature � )
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Base material:
Membrane-deformation is 
dominant
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Assumption: Ratio of principal strains and stresses remain constant.

Hencky-Ilyushin deformation theory (Hencky-plastizit y):

Variational principle: The internal displacement field w minimizes the 
plastic work.

02 =Ñ w

Effective strain:

Plastic work:

Normal displacement w fulfils Laplace eqn.:

3

)( 2wÑ
=e

min)( =W×µ �
W

dwW e

Euler PDE.:

plK

Area           : Base material1

Tangent stiffness 
matrix
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Effective strain:

Expressed with principal 
curvatures:

Effective strain:

Plastic work:

Area           : HAZ, plastic hinge
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= trace(� ) = det(� )

trace(� )=k1+k2

det(� )=k1k2
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Restoring force
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Cause of spotweld failure:

Onset of local necking at the 
circumference of the spotweld 
nugget.

Local necking within
the base material 

90°-Tension

30°-Tension
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Comparison of experimental and 
calculated force vs. displacement 
curves.

Example: Material: DC04

Sheet thickness: 1mm

Directions: 90°, 60°, 30°, 0°
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Spotweld
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Force vs. Displacement

Blue …Measurement
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Red … Calculation 
with Trefftz-
element
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2 Start of spotweld 
analysis via the menu path:
-- VIF --/Trefftz Spotweld/Analysis
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1 Import model-
/result-file (d3plot)




	

3 Pop-up menu:

• Path to Input-file: to import 
material data.

• Path to beamspider-file: to 
import the beam- and shell-IDs within 
the Trefftz-element area.

• Spotweld-ID

4 Start spotweld 
analysis
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View of Trefftz-
spotweld
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5 Contour-Plots 
within Trefftz-element 
area are provided
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e.g.: Contour-plot 
of effective plastic 
strain
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The hybrid Trefftz approach for spotwelds…

• provides a high resolution of the stress/strain field in the vicinity of the 
spotweld nugget,

• and enables the introduction of accurate stress/strain-based failure criteria,
• without significant loss of computational performance.
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